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1. Introduction 

The theory of Hardy and Bergman spaces of analytic functions on 
the unit disk is one of the most developed and useful branch of function 
theory. In several variables such spaces were studied on the unit ball 
([Rul]), strongly pseudoconvex domains ([St], [BFG]) and polydisks 
([Ru2]). However, in several variables none of the listed classes of 
domains can serve as a "model" domain similar to the unit disk in one 
variable. 

The goal of this paper is to develop a technique leading to a mean- 
ingful and uniform function theory of spaces of analytic functions on 
a broad class of domains in C n . We introduce Hardy and weighted 
Bergman spaces on hyperconvex domains and prove their basic prop- 
erties. Our prime focus is on geometric aspects rather than reproducing 
kernels and duality. The geometry of the domain is hidden in the ex- 
haustion functions, but the Nevanlinna counting functions determined 
by the exhaustions reveals the geometric nature of the norm and, there- 
fore, spaces. Since the introduced spaces are expected to behave under 
holomorphic transformations of domains similar to the classical ones, 
in the last part of the paper we prove some estimates for composition 
operators induced by holomorphic mappings. These estimates might 
be viewed as generalized embedding results. They lead to embedding 
theorems for holomorphic isomorphisms. 

Let us briefly present the content of the paper. In the classical the- 
ory, methods of potential theory play an important role. In several 
variables, where most of other methods either disappear or become 
technically difficult, we still can rely on methods of pluripotential the- 
ory (see [Kl] and [D3] ) . In this theory the role of the Laplacian is played 
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by the Monge-Ampere operator. For this operator Demailly in ([Dl]) 
proved on hyperconvex domains a fundamental Lelong- Jensen formula, 
which may be viewed as an analogue of the classical Littlewood-Paley 
identity. Recall that a domain D C C n is called hyperconvex, if there 
is a continuous negative plurisubharmonic function u on D, called an 
exhaustion function, such that linx^aD u(z) = 0. To make our presen- 
tation self-contained we stated Lelong- Jensen formula along with other 
background materials in Section 2. 

Lelong- Jensen formula suggests hyperconvex domains as a natural 
class of domains where one might have a rich function theory. This 
class is very wide: by the theorem of Demailly ([Dl]) every bounded 
pseudoconvex domain with Lipschitz boundary is hyperconvex. At the 
same time as we show the presence of Lelong- Jensen formula suffices 
to prove many interesting results. 

Using this formula in Section 3 we introduce Hardy and Bergman 
norms on the cone of non-negative plurisubharmonic functions on a 
hyperconvex domain D C C n . In general, such a norm depends on the 
choice of an exhausting function u, but we prove that if two exhaust- 
ing functions have the same rate of decay near the boundary of the 
domain, then the norms are equivalent. Moreover the smallest norms 
are obtained when u belongs to the compact class £q(D), i.e., (dd c u) n 
has a compact support in D. Pluricomplex Green functions are in this 
class. 

In Section 4 we define Hardy and weighted Bergman norms of a holo- 
morphic function / as the norms from Section 3 of \f\ p - Both norms 
depend on the choice of the exhaustion function u and, consequently, 
Hardy and Bergman spaces depend on u. The largest spaces are ob- 
tained when u E S (D). We show that the latter spaces coincide with 
spaces that were studied on the unit ball ([Rul]), strongly pseudocon- 
vex domains ([St]) and polydisks (in the case of Hardy spaces) ([Ru2]). 

The choice of a pluricomplex Green function as an exhausting func- 
tion not only frequently leads to a simplification of estimates and re- 
sulting formulas but also gives bounded point evaluations in all cases. 
Using this we prove that the introduced spaces are Banach. In the 
same section we also prove a version of the Littlewood's subordination 
principle for holomorphic mappings of a hyperconvex domain into the 
unit disk. 

The formulas for the norms are more complicated comparatively to 
the plane case and this might be viewed as an obstruction to the new 
theory. Fortunately, Lelong- Jensen formula provides a splitting for 
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a a (u)\f\ p (dd c u) n + / -f a (u)dd c \f\ p A (dd c u) 
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where a a and 7 a are some auxiliary functions (see Section 6). The first 
integral when, for example, u G S (D), is over a compact part of D 
and can be easily estimated. 

We define and use the Nevanlinna counting function N a j(w) of a 
holomorphic function / on D to understand the geometry of the second 
integral. Earlier, Nevanlinna counting functions in several variables 
were constructed and used in multidimensional Nevanlinna theory by 
Griffiths and King [GK]. Our construction differs from Griffiths and 
King's in two aspects. First, we consider the hyperbolic case instead 
of parabolic. The second and the main difference is that we construct 
Nevanlinna functions for an arbitrary current of a type described below, 
while in [GK] such functions are defined only for special exhausting 
functions. 

The geometric meaning of the Nevanlinna counting functions is sim- 
ilar to the classical one. If in the classical theory they, basically, count 
the number of points where f(z) = w in several variables they count 
areas of the sets {/ = w} in the pseudo-metric dd c u. 

To define the Nevanlinna counting functions in Section 5 we consider 
the current T = Uodd c U\ A ... A dd c u n -i, where uq, u n -\ are continu- 
ous plurisubharmonic functions on D satisfying some mild conditions. 
Given a compactly supported C°°-function in D, a holomorphic func- 
tion / in D and wfC we define 



The main result of this most technical section is Theorem 5.4, which 
establishes a change of variables formula. It states that for every holo- 
morphic function / mapping D into Q C C, every C°°-function <fi 
compactly supported in D, a C°°-function ip compactly supported in 
Q and every subharmonic function v on Q, whose infinite locus does 
not intersect the image of infinite locus of Uj, j — 0, n — 1, we have 



In Section 6 we set the functions uq, ...,u n -i equal to an exhaustion 
function u on D and define the Nevanlinna counting functions of order 
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a as 



N f , a (w) = J -yMidcFu)"- 1 Add c \og\f -w\. 

D 

The change of variables formula implies that 

H/Ha£,« = / <Ja(u)\f\ P (dd C u) n + J N aJ (w)dd C \w\V. 
D C 

The latter formula generalizes classical Littlewood-Paley identity. When 
a pluricomplex Green function is chosen as the exhaustion, the formula 
takes exactly the form of this identity. 

Section 7 is devoted to properties of counting functions. First, we 
show their equivalence when exhausting functions are equivalent. We 
also prove that, like in the one- dimensional case, the Nevanlinna count- 
ing function satisfies Shapiro's mean value inequality. Finally, we prove 
that for every holomorphic function which takes D into the unit disk 
D, the classical logarithmic estimate holds for the Nevanlinna counting 
function, i.e., N u j(w) < clog|iu| for every w G © sufficiently close to 
the boundary. 

It is well known that the projection (z±, Z2) — > z\ induces an isometry 
of the classical Bergman space in the unit disk into the Hardy space 
in the unit ball in C 2 . This and many other embedding theorems for 
spaces of analytic functions have numerable applications to operator 
theory. In the rest of the paper we investigate more general problem: 
how our spaces on domains D\ C C n and D 2 C C m are transformed 
by a holomorphic mapping F : D 1 — > D 2 , which induces the operator 
Cpj — f o F called the composition operator. 

The case when D\ = D 2 = D has been intensively investigated since 
1960-s and is well understood. A good exposition of main results of one- 
dimensional theory can be found in monographs ([Shal]) and ([CoM]) 
and references there. 

Contrary to this, results in the multivariable case are sparse. It 
was understood quite a while ago that the situation in several vari- 
ables is considerably harder than in the classical setting. For in- 
stance, Littlewood subordination principle implies that every holomor- 
phic self-mapping of the unit disk induces a composition operator which 
acts boundedely from every weighted Bergman space ^(®) i n ^° itself 
(j) > 0, a > — 1, and, as usually, if a — — 1, the corresponding space 
is the Hardy space). For domains in C n this is not the case. Even 
a quadratic polynomial self-mapping of the unit ball in C n need not 
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to induce a bounded operator acting on the Hardy space. Counter- 
examples were constructed by Shapiro, Cima and Wogen ([CW2]) and 
others. 

In the classical case conditions for a composition operator to act con- 
tinuously or compactly from A^(O) to -Ajg(B) are naturally expressed 
in term of the Nevanlinna counting functions. This was discovered by 
Shapiro in his paper [Sha2] when a — f3 — — 1 and then by Smith 
([Sm]) for any a and f3. Roughly speaking, the function Np^(w) must 
decay as j a ( w ) a t the boundary for the continuity of Cp and faster 
than that for compactness. 

In section 8 we prove two theorems which respectively give sufficient 
and necessary conditions of boundedness and compactness of a com- 
position operator induced by a holomorphic mapping of arbitrary hy- 
perconvex domains as an operator acting from one weighted Bergman 
space into another. These theorems might be considered as multidi- 
mensional analogs of the results by Shapiro and Smith, though our 
necessary and sufficient conditions in general case seem to be different. 

However, in the case when D 2 = D as we show in Section 9 the gap 
between our necessary and sufficient conditions disappears and they 
become identical in the form to the conditions of Shapiro and Smith. 

In section 10 we prove that if the domain D 2 is strongly pseudoconvex 
then Cf maps A? (D2) continuously into -<4£ n+Q _i(-Di), a > —1. In 
such a generality this result cannot be improved. Previously, MacCluer 
and Mercer ([MM]) proved this for self-mappings of a strongly convex 
domain in C n and a — — 1. Cima and Mercer ([CM]) extended this 
result to Bergman spaces on a strongly convex domain and any a > — 1 . 
A similar result for mappings between balls of arbitrary dimensions 
(not necessarily equal) was obtained recently by Koo and Smith ([KS]). 
Mappings of polydisks were considered in ([SZ1], [SZ2]). 

The proof exploits the fact that boundedness and compactness of 
composition operators are naturally expressed in terms of Carleson 
measures. This approach was first explicitly stated by MacCluer ([Mc]) 
(earlier Carleson measures were used by Cima and Wogen ([CW1]) to 
give a compactness criterion for Toeplitz operators). 

The general result stated above might be significantly improved un- 
der some additional assumptions. We describe two such situations. The 
first is when D x is strongly pseudoconvex, D 2 = D and F is holomor- 
phic in a neighborhood of D\. In this case we use our sufficient condi- 
tions from Section 9 to show that Cf acts boundedly from A£(B) into 
A^JD) when a < /3+(n— 1)/2 and compactly when a < (3+(n — l)/2. 
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An example in this section of a quadratic polynomial F shows that the 
result cannot be improved. 

The second is when F is a proper holomorphic mappings of a hy- 
perconvex domains D\ into a hyperconvex domain D 2 of the same 
dimension, then for every pair of exhausting function u\ G S,(Di) and 
u 2 G S,(D 2 ) the composition operator CV acts boundedly from A^D^ 
into A p a (D\) and has a left inverse with the same properties. In particu- 
lar, every automorphism of a strongly pseudoconvex domain induces a 
bounded composition operators acting on Hardy and Bergman spaces. 



2.1. Differential forms and currents. Let D be a domain in C n and 
let C^°(D) be the space of all smooth functions on D with compact 
supports. A sequence {(f) j} C C^°(D) converges to if the supports of 
all 4>j belong to a compact set K C D and the functions cf>j with all 
derivatives converge uniformly to 0. 

We denote by V p ' q (D) the space of all differential form 



of bidegree (p, q), where I = . . . , i p } and J = {j±, . . . ,j q } are sub- 
sets of {1, . . . , n}, dzi = dzi ± A • • • A dzi p , dzj = dzj 1 A ■ ■ • A dzj q and 
ujij G Cq 3 (D). Equipped with the topology of uniform convergence on 
compacta with all derivatives, V p ' q has a structure of a linear topolog- 
ical space. 

The space D' AD) of continuous linear functionals on T> p,q (D) is 
called the space of currents of bidimension (p, q) or of bidegree (n — 



where 4>u are distributions and the pairing (0, a;) is given by 



2. Background results 




p,n-q). If G V p q (D) then 





\I\=n— p,\ J\=n— q 






A current G T>' 



\I\=n-p,\J\=n-q 

is positive if (0, 00) > for every test form 



cu = iuji A uoi A • • ■ A iuOp A uj p , oOj G V 1,0 (D). 

In this case the coefficients 4>u are positive measures. 
The differential of cu is defined by du = duj + dcu, where 
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The operator d c is defined by d c = i(d — d). For e C 2 (D) we have 



Given a current T we define dT by the formula: (dT, uj) = (T, duj) 
and dd c T by the formula: (dd c T, uj) = (T, dd c uj). A current T is closed 
ifdT=0. * 

Every plurisubharmonic function generates a closed positive (1,1)- 
current. The following result can be found in [Kl, Prop. 3.3.5]. 

Theorem 2.1. If u is a plurisubharmonic function on Q, then dd c u is 
a closed, positive (l,l)-current with measure coefficients. 

The wedge product of a (p, g)-form uj and (n — r, n — s)-current T is 
a (n — r + p, n — s + g)-current T A uj defined by 



In some cases it is possible to make sense of the wedge product even 
when uj is not smooth (and is considered as a current). We will use 
three results of this kind. To formulate them, we introduce the infinite 
locus L{u) of a plurisubharmonic function u on D as the set of points 
z G D such that u is not bounded on any neighborhood of z. 
The first result is due to Demailly [D2, Cor. 2.3]. 

Theorem 2.2. Suppose that u is a plurisubharmonic function, the set 
L(u) is compact and T is a closed positive current of bidegree (1,1), 
then the current (dd c u) n ~ 1 AT is well defined and has locally finite mass 
on D. Moreover, if is a sequence of decreasing plurisubharmonic 
functions converging to u, then the currents (dd c Uk) n ~ 1 A T converge 
weak-* to (dd c u) n ^ 1 A T. 

Let Hk be the Hausdorff measure of dimension k. The second result 
was proved by Demailly [D2] and then improved by Fornaess and Sibony 



Theorem 2.3. Suppose that uq, . . . , u n are plurisubharmonic functions 
on D and for any choice of indexes < j\ < ■ ■ ■ < j m < n 



Then the function u is locally integrable with respect to the measure 
dd c u\ A . . . dd c u n . 

Moreover, if for every < j < n the sequences of plurisubharmonic 
function {ujk} converge to Uj in Lj oc (D) and Uj k > Uj, then 




(T Auj,ip) = (T,tp Aw). 



[FS, Cor. 3.6]. 



n 2 (n-m+i){L{u h ) n . . . L(u jm )) = 0. 



(1) 



Uokdd c Uik A ■ ■ • A dd c u n k — > Uodd c Ui A • • • A dd c u. 
in the sense of currents. 
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The third theorem we will need is due to Coman [C, Theorem 3.3]. 



Theorem 2.4. Let Vt be a hyperconvex domain in C n , v be a continu- 
ous plurisubharmonic exhaustion function on Q, T be a closed positive 
(1,1) -current on Q, and u be a negative plurisubharmonic function on 
Q such that 

/ dd c u AT < oo. 
Jn 

Then 

/ vdd c u AT > / udd c v A T. 
Jn Jn 

2.2. Maximal plurisubharmonic functions. Let O C C be an 

open set and u : Q — > R be a plurisubharmonic function. Recall that 
u is called maximal, if for every relatively compact open subset G in 
Q, and for every upper semicontinuous function v on G such that v 
is plurisubharmonic in G and v < u on dG, we have v < u. The 
following result of Bedford and Taylor ([Kl],p. 131) gives a necessary 
and sufficient condition of maximality. 

Theorem 2.5. Let Q G C n be an open set and u be a plurisubhar- 
monic locally bounded function in Q. Then u is maximal if and only if 
(dd c u) n = 0. 

If D is hyperconvex and w G D, then pluricomplex Green function 
with pole at w is a unique plurisubharmonic in z continuous exhaustion 
function g D (z,w) on D x D such that (dd c g d(z , w)) n = (2n) n S w and 
\go(z,w) — log \z — w\\ is bounded on D. It is possible to show that 

gr>{z,vj) = sup{u(z) : u is negative and plurisubharmonic in D 

and for some constant C, u(z) < log \z — w\ + C near w}. (2) 

(see ([Kl], p. 221 or [Dl] for details). By Theorem 2.5 g D (z,w) is 
maximal in D \ {w}. 

2.3. Lelong-Jensen formula. Let D be a hyperconvex domain in C" 
and u be a continuous negative plurisubharmonic exhausting function 
on D. 

We define B u {r) = {z E D : u(z) < r} and S u (r) = {z G D : -u(z) = 
r}. Following [Dl] we let 

// Ujf . = (dd c u r ) n - XD\B u (r)(dd c u) n , 

where u r = max{«, r}. The measure \i U)T is nonnegative and supported 
by S u (r). In [Dl, Theorem 1.7] Demailly had proved the following 
fundamental Lelong-Jensen formula. 
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Theorem 2.6. For all r < and every plurisubharmonic function 
on D 

D 

is finite and 



HuM- J <l>(dd c u) n = j (r — u)dd c (f) A (dd c u) n ~ l 

B u (r) B u {r) 
r 

= J dt J dWAidcFu)"- 1 . (3) 

-oo B u {t) 

The last integral in this formula can be equal to oo. Then the integral 
in the left side is equal to — oo. This cannot happen if <fi > 0. 
The function 



$(t) = J dd c <P A {dd^f- 1 < oo 



Bu(t) 

is, evidently, increasing and by Theorem 2.2 $(£) < oo for all t < 0. 
Thus the function 



*(r) = y dt y dd c (PA(dd c u 



c„.\n— 1 



-oo 

is either identically equal to oo or is a continuous function. It follows 
that the function fj, Ui1 .(<f>) is increasing and continuous from the left. 

2.4. Poincare-Lelong formula. Let / be a holomorphic function on 
a domain D C C n and let X = {/ = 0}. It is well-known that the 
set X consists of countably many connected components. The critical 
set {V/ = 0} also consists of countably many components and the 
function / is constant on each of components. Since only finitely many 
of them intersect a compact set K C D, f has only finitely many 
critical values on K. If is in the range of / and is not a critical value 
of / ( and, therefore, / is not a constant), then the analytic set X is 
a complex manifold of codimension 1. If is a critical value of /, and 
/ is not a constant function, then we denote by X reg the regular part 
of X . The singular part X smg of X has codimension at least 2. These 
and other basic facts about analytic sets could be found, for example, 
in [Chi]. 

Let A be an irreducible component of X. The multiplicity of / 
on A is defined as follows (cf. [Chi]). Let z e A n X reg . Since A 
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is a smooth complex manifold, it is possible to find local coordinates 
( = (d, . . . , ( n } near z which map z to the point of origin and the set 
A into the set {Ci = 0}. Then in (^-coordinates we have f(() = (™g(() : 
where m is a natural number and g(0) 7^ 0. 

Let hbe a holomorphic branch of g l l m defined in a neighborhood of 
0. In coordinates £1 = h(C)G, & = Cj, 3 > 2 > w e have /(£) = . 

The number m = tt^a,/ is a continuous integer value function on X rcg 
and, consequently, is a constant on A TCg . It is called the multiplicity of 
/ on A. 

The next theorem contains Poincare-Lelong formula (4). It's proof 
can be found in [D3, Proposition 3.2.15]. 

Theorem 2.7. If f is a holomorphic function on a domain D C C" 
and (j) eV n - 1 ' n -\D), then 



J (f)Add c log\f\ = J2 m AJ J 0, 



(4) 



D A re « 

where the summation runs over all irreducible components A of X = 
{/ = 0}. Both sides of this formula define a closed positive current T 
on D of bidegree (1,1). 

3. Spaces of plurisubharmonic functions 

Let D be a hyperconvex domain in C n . We define the space PS U (D) 
as the set of all nonnegative plurisubharmonic functions on D such 
that 

limsup/x ?tir (0) < 00. 

(A similar definition for strongly pseudo-convex domains was given by 
Hormander [H]). 

Since /i Ujr (0) is an increasing function of r for all r < 0, we can 
replace limsup in the definition of the space PS U (D) by lim. So we 
can introduce the norm on PS U (D) as 

\\<f)\\ u = lim /x u , r (0). 

If D is the unit disk in C then the weighted Bergman space A p a is 
defined as the set of all holomorphic function / on © such that 

2?r 

J {I - \z\ 2 ) a \f(z)\ p dV = J J(l-e 2r ) a e r \f(e r+te )\ p d9dr 

D -00 

~ / ' r '"(/ \f(e r+l6 )\ p d9^dr < 00. 
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Similar to these spaces we introduce the weighted spaces PS U:a (D), 
a > — 1, as the set of all nonnegative plurisubharmonic functions on 
D such that 

o 

\r\ a e r jj, u>r {(f)) dr < oo. 

Clearly, PS U (D) C PS u , a (D) C PS U:f3 (D) when /3 > a. In what 
follows, to facilitate the system of notation we let PS U (D) = PS U -\(D) 
and \\(f)\\ u = H0IU-1. 

The following theorem shows that faster decaying near the boundary 
of D exhausting functions determine dominating norms. 

Theorem 3.1. Letu andv be continuous plurisubharmonic exhaustion 
functions on D and let F be a compact set in D such that F C B u (r ) 
for some r < and v(z) < u(z) for all z G D \ F . Then for any c > 1 
and any a < 1 — c _1 we have 

when r > r . Moreover, PS V (D) C PS U (D) and ||0|| u < \\<fi\\ v , 
PS V:Ct (D) C PS Uja (D) and there is a constant C depending only on 
r-Q and a such that \\<p\\ u , a < C||0||<,, Q . 

Proof. Take a b > 1 and let v± = bv , (3 = 1 — c^ 1 and a = c -1 . Take any 
r > ro and consider the function iu = max{i>i, au + /3r}. If z £ S u (r) 
then au(z) + f3r = r > v\ and w = au + f3r on a neighborhood of 
S u (r). Moreover, if z G S^r) then z G S u (r). Hence S^r) = S^r) 
and fi w ^ r tt f^u,r- 

Let r\ = f3r > r . If z e D\ B Vl {r\), i.e. i>i(2) > ri, then v± > j3r > 
au + fir. Hence w = v\ on a neighborhood of D \ B vi {r\) and u> is an 
exhaustion function. 

It follows that 

b n Hv,b-if3r((f>) = AV,/?r(0) = AVri(0) > AVr(0) = // u , r (0) . 

Thus 

lim l //„ i6 -i /3r (0) > a> Uir (0) 

6^1+ 

and we see that n u ,r{4>) < c n fi V)ar (<f)) when r > ro- 

Hence if e PSC(£>) then G PS U (L>) and ||0||„ < ||0||„. 
If G PS V:a (D) then we let c = 2 and a = 1/4. We write 

r 

?i a e r ' fj, Ujr ((f>) dr = J \r\ a e r [i U:r ((j)) dr + J \r\ a e r ^{(fy dr. 

— oo ro 
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The first integral does not exceed Ci(r , a)/i Ujro (0), where 

d(r ,a) = [ \r\ a e r dr. 



As we proved above (J, u ,r (<f>) < 2 n yU„ ro / 4 (0), and 

o o 
> / \r\ a e r fi V:r ((i)) dr > fi V:ro/A ((j)) / \r\ a e r dr. 



Hence, 



where 



r /4 r /4 



/ |r| e fi u>r ((f))dr < 



C 2 (r ,a,c) 



u 

C 2 (r , a, c) = y |r| a e r <ir. 



r /4 

The second integral does not exceed 

o o 
2" y |rTeX r/4 (0) rfr = 2 2a+n+2 J \t\ a e 4t ^(0) dt, 

ro r /4 

which, in turn, does not exceed 

o 



2 2a+n+2 J |*| a eV W) t(0) * < 2 2 



r /4 

Combining these estimates we get that 



u.a — 



VC 2 (r ,a,c) / 



We are done. □ 

This theorem has a couple of useful corollaries. 

Corollary 3.2. Letu andv be continuous plurisubharmonic exhaustion 
functions on D and let F be a compact set in D such that bv(z) < u(z) 
for some constant b > and all z G D \ F . Then PS V (D) C PS U (D) 
and < 6 n ||0||,, ; PS v<a (D) C PS Ut0l (D) and there is a constant C 

depending only on r , b and a such that \\<j>\\ u ,a < C||0L,o- 
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Proof. Remark that bv r = max{6t;,6r}, and, thus, b n \i v ^ T = fibv,br- Now 
Corollary follows immediately from Theorem 3.1 □ 

Corollary 3.3. Letu andv be continuous plurisubharmonic exhaustion 
functions on D and let F be a compact set in D such that 

bv < u < b~ l v (5) 

for some constant b > and all z G D\F. Then PS V (D) = PS U (D), 
PS V:a (D) = PS U:Ct (D) and the identity mappings are continuous. 

Let us describe a class of functions for which the inequality (5) holds 
automatically. We denote by £q{D) the set of all plurisubharmonic 
exhaustion functions u on D with compactly supported (dd c u) n . The 
set £q(D) is not empty: pluricomplex Green functions are in £ (D). 
Moreover, by (3) if u G £o(d) then the space AP U a (D) contains constants 
and, consequently, all bounded holomorphic functions. 

Lemma 3.4. If u,v G £q{D) then there is a constant b > such that 
bu(z) < v(z) < near dD. 

Proof. Let us take a compact set F C D containing the supports of 
(dd c u) n and (dd c v) n such that both u and v are bounded on OF and 
(5) holds on dF for some number b > 0. By the maximality of u and 
v on D \ F this inequality holds on D \ F also. □ 

Thus functions in £q{D) generate the same spaces PS Uj0t (D) and 
PS U (D) with equivalent norms. As the following proposition shows 
these spaces are the largest in our class. 

Proposition 3.5. Let u G £q{D) and let v be a continuous plurisubhar- 
monic exhaustion function on D. Then PS Vj0t (D) C PS Uja (D) for each 
a > — 1 and there is a constant C{a) such that \\4>\\ u ,a < C(ai)||0lUa- 

Proof. Take a number r < such that supp^c^u)™ C B u (r). There is 
a constant b > such that bv < u on S u (r). By the maximality of u 
the same inequality holds on D \ B u (r). Now the proposition follows 
from Corollary 3.2. □ 

Using pluricomplex Green functions we can get estimates for point 
evaluations. If u(z) = go(z,w), w G D, then by (3) (see also [Dl, 
Thm. 5.1]) we get 

(2tt)>H = /v r (0) - / (r - ^dd'cf) A (dd^Y 1 - 1 </v(0)- 

si) (6) 
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Theorem 3.6. Let v be a continuous plurisubharmonic exhaustion 
function on D. Then for any compact set K C D and any a > — 1 
there is a constant c such that for all w G K and all nonnegative 
plurisubharmonic functions on D we have <f>(w) < c| 



Proof. By [Dl, Th. 4.14] the function u w (z) = gr>(z,w) is continuous 
on D x D. If V CC D is an open set containing K, then there is a 
negative constant a such that a < u w (z) for all w G K and z G 9 V. 
Consequently, there is a constant c > such that i>(z) < cu w [z) for all 
w E K and z G (9V. The maximality of g D outside F implies that that 
v(z) < cu w (z) for all w G K and z E D\V. 

There is a number ro < such that V C B Uw (ro) for all w & K. 
Hence by (6) and Theorem 3.1 

c n c n 

and 

o o 
0H | |rre^r<^ | |rre> w (0) dr < C\\4>\\ v , a . 



ro 



□ 



We denote by £ (D) the class of continuous plurisubharmonic ex- 
haustion functions v on D such that the inequality bv < u < b^v 
holds near dD for some function u G Sq(D) and constant 6 > 0. By 
Corollary 3.3 these exhaustion functions generate the same space as 
functions from £q{D) with equivalent norms. The class £{D) contains 
many important functions. 

Proposition 3.7. A plurisubharmonic exhaustion function v G C l (D) 
on a domain D belongs to £{D). 

Proof. Fix w G D and let u(z) = go(z,w). As it was explained in the 
proof of Proposition 3.5 the inequality bv < u holds for some constant 
b near dD. On the other hand by Hopf's lemma u(z) < —cd(z,dD), 
where c is some positive constant and d(z, dD) is the distance from z 
to the boundary of D. Since for some positive constant a the function 
p(z) > —ad(z, dD) near dD, the proposition follows. □ 

The classical approach to the definition of spaces PS u>a (D) and 
PS U (D) would be to restrict the studies to domains D for which there 
is a smooth function p defined on a neighborhood of D and such that 

14 



D = {p < 0} and Vp 7^ on dD. Then the definitions of spaces will 
go through as above with the replacement of /i u>r ((f)) by 




{p=r} 

where da is the surface measure. We will denote the new norms by 
U\\ P and U\\ p , a . 

The following theorem shows that both approaches coincide in the 
case of strongly pseudoconvex domains. 

Theorem 3.8. Let D be a strongly pseudoconvex domain and let p be 
a strictly plurisubharmonic function defined on a neighborhood of D 
such that D = {p < 0} and Vp ^ on dD. If u G £{D) then for each 
a > — 1 there is a constant C > 1 such that C~ 1 ||0|| UQ < ||0|| pQ < 

CH\\u,a- 

Proof. We just note that by [Dl, (1.5)] p Pjr = (dd c p) n ~ 1 A d c p. Since 
this form is continuous and strictly positive on D, there are positive 
constants a\ and a 2 such that a\p p ^ T < da < a 2 p p>r - The rest follows 
from Proposition 3.7 and Corollary 3.3. □ 



4. Hardy and Bergman spaces 

Let u be a continuous plurisubharmonic exhaustion function on a 
hyperconvex domain D. We define the Hardy space H^(D), p > 0, as 
the space of all holomorphic functions / on D such for \ f\ p G PS U (D). 

The Hardy norm ||/||^ = \\\f\>\\l /p . 

We define the Bergman space A^ a (D), p > 0, as the space of all 
holomorphic functions / on D such for \ f\ p G PS u>a (D). The Bergman 

norm ||/|| <a = |ll/rf& 

Similar to the case of nonnegative plurisubharmonic functions we 
denote <_,(£>) = H?(D) and WfW^ = |||/H| M . 

The classical definition of Hardy and Bergman spaces when D is 
the unit ball B C C n instead of the measures p Utt uses the measures 
v r = dS, where dS is the normalized surface area, on spheres of radius 
r. If we take u(z) = log|z| as an exhaustion function, then dd c u t 
is a rotationally invariant measure which is supported by the sphere 
{\z\ = r = e*} and is a constant multiple of dS. By Riesz representation 
formula or by the Lelong- Jensen formula 

J dd c u t = (2vr) n . 

D 
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So fi U)t = (2ir) n dS and we see that our definition coincides with the 
classical one. 

If D = O 2 is the unit bidisk in C 2 with coordinates Z\ and z 2 and 
u(z) = logmax{|zi|, |z 2 |}, then (dd c u) 2 = (27r) 2 5 and the measure 
(dd c u r ) 2 is supported by the set {\z±\ = | ^2 j = r}. The latter mea- 
sure is also rotationally invariant, so jj, UyT is a constant multiple of 
the normalized surface area on the torus {\z\\ = \z 2 \ = r} and again 
our definition coincides with the classical definition of Hardy (but not 
Bergman) spaces. 

Let us show that Hardy and Bergman spaces are Banach. 

Theorem 4.1. Let u be a continuous plurisubharmonic exhaustion 
function on D. Then the spaces A^ a (D), p > 1, are Banach. 

Proof. Clearly ||w|Ug a is a norm on A^ a (D). 

Suppose that {/_,•} is a Cauchy sequence in H^{D). By Theorem 
3.6 {fj} is a Cauchy sequence in the uniform metric on any compact 
set in D. Hence this sequence converges to a holomorphic function 
/ on D uniformly on compacta. In particular, for every fixed r < 

AVrfl/ _ fj\ P ) -> as 3 00 . 

There is A > such that ||/j|k ^ A f° r an 3- Hence 

(»uA\m) 1/p < (»uA\f - fj\ p )) 1/p + a 

and we see that / e H£(D) and ||/|k < A. 

Suppose that limsup ||/ — /jlk 0- Switching to a subsequence 
we may assume that ||/ — /j|k > a > for all j. Take i such that 
Wfi ~ /jlk < a /4 when j > i and then find r < such that fJ> u>r (\f — 
fi\') > {a/2)P. Then 

Mf - m) 1/p > Mf - h\ p )) 1,p -U- /ilk > \- 

But the left side converges to as j — > 00 and this proves that lim ||/ — 

/ilk = 0. 

The proof for the Bergman spaces is basically the same. □ 

Our next goal is to prove a multidimensional analog of Littlewood's 
subordination principle. 

Theorem 4.2. Let D be a hyperconvex domain, zq e D, u{z) = 
gE>(z,Zo) and let f : D — > D be a holomorphic mapping with f(z ) = 
w Q . Ifv(w) = \og\(w-w )/(l-w w)\ then n u , r (<f>° f) < (27r) n ~Vt;,r(0) 
for every subharmonic function on D. 

Proof. The relation (2) implies that v*(z) = v(f(z)) < u(z) on D. 
Hence /(S u (r)) C B v (r). 
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Let r < t < and let h t be the harmonic function on B v (t) equal to 
on S v (t). Then h t (f(z)) > 4>(f(z)) on S u (r) and therefore 

A* U ,r(0° /) < At«,r(^ o /). 

Since the function h t o f is pluriharmonic, dd c (h t o /) = 0. Since /i t o / 
is defined on we can use (6) to get 

fiuAht O /) = (27T)"/I t (/(Z )) = (27T) n h t (w ). 

Since /^, t (0) = H v ,t( h t) = 2nh t (w ), we see that /i u , r (0 o /) < (A v , t (<f>). 
But [J, Vtr (<f>) = lim t _ (r + [J, Vi t(<f>) and the the result follows. □ 

The following corollary follows immediately from the previous theo- 
rem. 

Corollary 4.3. Let v(w) = log w G D ; and let D be a hyper convex 
domain, u G S{D), and f : D — > D be a holomorphic mapping. Then 
the composition operator Cf maps A V;a (B>) into A Uja (D). Moreover, 
there is a constant A depending only on \wq\, Wo = f(z ), and u such 
that \\C f ct)\\ u , a < A\\4>\\ 

Consequently, Cf maps continuously A% (D) into A? (D). 

For a holomorphic mapping of a domain D into another domain F 
we introduce the measure Vf a on F defined as 

o 

"fA E )= J \ r \ a e r ^u,r(XE(f(z)))dr, 

— oo 

where xe is the characteristic function of E. The proof of the following 
lemma is similar to the proof of Theorem 2.6 in [CoM]. 

Lemma 4.4. Let E(w,s) = {\z — w\ < s} n D. In the assumptions 
of Corollary 4-3 there is a constant a > 1 depending only on \w \ such 
that Vf jCt (E(w, s)) < as a+2 when s < 1 for all w G S. 

Proof. It suffices to prove this lemma for w — 1. Let us take t = 
1/(1 + 2s), < s < 1, and consider the function 

m = ' 



\l- tz \ 2a + 4 ' 



Then by Corollary 4.3 



o 



du f^= / \r\ a e r fi u , r ((j)(f(z)))dr 



-oo 



110 ° f\\Al a (D) < c||0|Ui, Q (D) = Ci _^ Q+2 - 
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(7) 



If |1 — z\ < s, then 



and 



1 1 + 2s l + 2s 1 

— tzl 11 — z + 2s I ~~ 3s — 3s 



1 <?. 



Thus 

'3 

c i I - 



1-t 2 

D 

Hence u f , a (E(w, s)) < as a+2 for all w £ S. □ 

5. The change of variables formula 

Throughout this section D is a domain in C n and tt , . . . ,w n -i are 
continuous plurisubharmonic functions on D. We set 

T = uodd c u\ A ■ ■ • A dd°u n -\. 

We will assume that for any choice of indexes < ji < ■ ■ ■ < j m < n — 1 

W 2( n-m+i)(£(%i) n • • • n L( Uj J) = 0. (8) 

We fix a holomorphic function / on D mapping D into a domain flcC. 
For a subharmonic function v on £7 we define a functional on X>°'°(.D) x 

/WW) = &(W) = [ U*dd c v* A T, 



D 

where ■?/>* and t> * are ^ o / and v o f respectively. 

Lemma 5.1. If the functions uo, . . . ,u n -i satisfy (8) and for any 

choice of indexes < j\ < • • • < j m < n — 1 

n 2{ n-m)(L(v*) n L( Ujl ) n • • • n L( Uj J) = o, 

then for a fixed <j) the functional f3f, v ,T(<i>,i>) ^ s a current of bidegree 
(0, 0) on fl and for a fixed ip the functional /3/ jt)j r(0, i>) is a current of 
bidegree (0, 0) on D. 

Proof. It follows from Theorem 2.3 that the current dd c v * A T has a 
locally finite mass. Since the function ip* is bounded on Z), we see that 
/3f, v ,T((f>, VO i s a current of bidegree (0,0) on D. 

Let G X> '°(£)) be fixed. Then the functional /3/ jt)j T(0, VO i s defined 
for all ■?/> G £> '°(f2). To show that the functional /3/>,t(0, VO is continu- 
ous we note that if a sequence {ipj} converges to 0, then the functions 
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{<f>ipj} converge to uniformly on D and, therefore, /3f jVj T(</>, tpj) — > 



The main goal of this section is to get a formula for the measure 
on f2 defining /3/,„,t- For this we take a function e V°'°(D) and for 
w6C introduce the function 



This function need not be finite. For example if D — D, T — log \z\, 
f(z) = z and w = 0, then N(0, 0) = — oo when 0(0) > 0. The following 
proposition gives sufficient conditions for the function N(w, 0) to be 
finite and states some of its properties. 

Let X w = {/ = w}. Write 



where the summation runs over all irreducible components A of X w 
and rriAj is the multiplicity of / on A reg . 

Proposition 5.2. If the functions u , . . . , w n _i satisfy (8) and L{uj) fl 
X w = for any < j < n — 1, then N(w, 0) < oo and N(w, 0) = 
iV o (w,0). Moreover, if, additionally, (ft > on D and the function 
uq < on supp ; then the function N(t, 0) is upper semicontinuous 
(as a function ofr )atw. Moreover, if the set X w is smooth then N{r, 0) 
is continuous at w. 

Proof. The fact that N(w, 0) is bounded follows immediately from The- 
orem 2.3. 

To show that N(w, 0) = N Q (w, 0) we observe that the function m 
does not exceed some number a > on a neighborhood V CC D of 
supp 0. Thus 

T = (-u — a)dd c u 1 A ■ ■ • A dd c u n _\ + add c U\ A ■ ■ • A dd c u n ^\ 

is the sum of a negative and a positive current. Hence, without loss of 
generality we may assume that uo < on V. 

Then we take a decreasing sequence of smooth plurisubharmonic 
functions Ujk defined on V and converging to Uj for every < j < n — 1. 
By Theorem 2.3 



as j 



oo. 



□ 






D 



V 



where T k = u kdd c Uik A • ■ • A dd c u n _\^- 
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By Poincare-Lelong formula (4) 

J <PT k Add c \og\f-w\=J2 m Aj J <PT k . 

Now we choose an increasing sequence of nonnegative functions ipj G 
T>°'°(V) equal to on X^ ing and converging to 1 on supp 0\X^ mg . Since 
the functions Uj k are bounded on X w and converge to Uj, 

lim J (pipjT k = J (f)ipjT. 

Thus, 

J cpipjT A dd c log |/ - w\ = m A,f J H>jT. 

V A A re « 

If > on V, then letting j — > oo by the monotone convergence 
theorem we get that 

J <pTAdd c log\f-w\=Y,^A,f J <f>T. (9) 

v\X ins A ^ rog 

If is not positive on V then we take a function e such that 

> |0| . Since the function -0 = — <^ > on D and = — -0, the 
equality (9) holds in this case also. 
Now let us show that 



/ 



(f)T Add c log\f - w\ = 0. 

Using a partition of unity we can reduce it to the case when D = 
B(z ,r), > 0, z e X^ ing and the analytic set X^ ing is the set of 
common zeros of holomorphic function /i, . . . , f k on D. Then for the 
plurisubharmonic function 



+ log^ 



i=l 



the set L(uq) = L(u ) U X^ mg . If T = u Q dd c Ui A • • • A dd c u n _\ and u n = 
log \f — w\, then the conditions (8) hold when al least one of the indexes 
ji is between 1 and n — 1 because L(uj)C\X w = for all j. If m = 1 then 
H 2n (L(u )) = H 2n (X w ) = 0, and, therefore, H2n(L(u )) = 0. If m — 2, 
ji = and j 2 = n, then the set L(uo) H L(u n ) = X^ ng is an analytic 
set of codimension at least 2 and, therefore, H2n-2(L(u ) nL(u n )) = 0. 
Hence, by Theorem 2.3, the current TAlog |/ — iy| is locally integrable. 
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But Uq = — oo on X^ ing . Therefore, the current dd c U\ A . . . dd c u n has 
no mass on X^ mg , and 

J 0T A dcf log |/- w\ = 0. 

v sin S 

Let us show that the function Nq(w, 0) is upper semicontinuous at 
w which we assume to be equal to 0. Take a compact set Ka in a 
component A T q S , cover Ka by open balls 14 C V, 1 < k < k , such 
that /(£) = C™, ?7i = ttiaj, in some new coordinates (Ci, • • • , Cn} on 14 
and form a partition of unity ipk £ "C '°(14) such that -0 = £V ^ = 1 
on a neighborhood WOi of I'd- 

There is an e > such that for every k and every w^O, < e, the 
set X w nVk is a complex manifold consisting of m connected components 
X^ji 1 < j < m, given by the equations Ci = w x l' m . 

If X = {(2, ■ ■ ■ , Cm) then by continuity of the functions U{ the func- 
tions u™ k j('Q = u i {w 1 l' rn Q uniformly converge to Ui(0,' () as w — > 
and, therefore, 

lim / 0^fcT = / # fc T. 

w— +0 J J 

x nv fc 

Since > and u < 0, so 0T is a negative current, summation over 
j and results in 



(f)T > lim sup / 0T, 

iu-t-0 y 

and our statement follows. 

To finish the proof of the proposition let us show that N (0,r) is 
continuous at when X is smooth. In this case we can take a compact 
set K = X flsupp and the balls 14, covering K, can be chosen so that 
each of them contains only one component of Xq. Now the previous 
argument yields the proof. □ 

Remark. This result does not hold when L(uj)C\X w 7^ 0. For example, 
if D is the unit ball in C 2 with coordinates z\ and z 2 , uq{z) = 1, 
u\{z) = log \z\ and f(z) = ziz 2 , then 

N(0, 0) = J (f)dd c Ul A dd c log I /| = 20(0) . 

However, 1x1(2;) is equal to either log \z±\ or log \z 2 \ on X,5 eg . Therefore, 
dd c U! = on X rcg and JV (0, 0) = 0. 

We will need the following version of Fubini's theorem. 
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Lemma 5.3. Let X be a complex manifold of dimension n — 1, U be 
a domain in C, v be a subharmonic function on U and u , . . . , u n -\ be 
bounded plurisubharmonic functions on X x U. If e V 0,0 (X x U) 
then 

( \ 



0T A dd c v 



XxU 



0T 

\Xx{w} ) 



dd c v. 



Proof. Let us show that the lemma holds when the functions Uj and v 
are smooth. Introducing a partition of unity we can reduce it to the 
case when X is a domain in C n_1 with coordinates z = (z±, . . . , z n -i). 
Let w be a coordinate on U and 



n— 1 9 



ddluj = 2i — — 7r^(z,w)dzi A cb^. 



. dzidz k 

i,k=l 

Note that dd° z Uj is the restriction of dd c Uj to X x {w}. Hence 



(pT = J cf)T w , 

Xx{w} Xx{w} 

where T w = u dd c z Ui A • • • A dd° z u n -\. Since <pT A dd c v = <j)T w A dd c v , 
the lemma follows immediately from Fubini's theorem. 

In the general case let us fix open sets U± CC U and Xi CC X 
such that supp0 C Xi x Z7i. We take decreasing sequences {ujk}, 
< j < n — 1, and {f^} of smooth plurisubharmonic functions on 
X\ x Ui and C/i converging to Uj and f respectively. 

Let Tk = uokdd c uik A ■ • • A u n -i t k- Note that the functions 



Xx{w} 



are smooth and have compact support on U. Since dd c v m converge 
weak-* to dd c v on U we see that 



<j)T k A dd c v = J $ k (w) dd c v. 



XxU 



As k — > oo the monotonic convergence of Mjjfc implies that 



lim / 0T fc A deft; = / 0T A dd c v 

k^oo J J 
XxU XxU 
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and for each w the functions $k( w ) converge to 



= J 4>T. 

Xx{w} 

Since Ujk > Uj^+i > and the functions ttj are bounded, there is 
a constant a such that the L°°-norms of Ujk on Xi x U\ do not exceed 
a. By Chern-Levine-Nirenberg inequality (see [Kl], p. 11 1-112) there is 
another constant C such that |$ fc (u>)| < C. The support of $fc(u>) lies 
in C/i CC £/ and dd°v has a finite mass on XJ X . Thus, by the dominated 
convergence theorem 



lim y & k (w)dd c v = J §(w)dd c v. 



u u 



Hence, 



J <pTAdd c v = J §{w)dd c v. 



XxU U 

□ 

The following theorem, which is the main goal of this section, gives 
us a change of variables formula. 

Theorem 5.4. Let f be a holomorphic function on a domain D C C™ 
and Uq, . . . ,u n -i be continuous plurisubharmonic functions on D. Let 
Q be a domain in C such that f(D) C Q and let v be a subharmonic 
function on Q and v* — vof. Suppose that the sets L(uj) are finite and 
f(L(uj))nL(y) = for < j < n — 1. If <f> e T>°'°(D) and^j G V 0fi (Q), 
then 



/3 ftV>T (<j>,,/>) = J N{w,4>r)dd c v. 



Proof. Let us assume for a while that the functions <fi and ip are non- 
negative and uq < on supp 0. For a set E C D we define the measure 

v{E) = - J <pip*T Add c v*. 

E 

Let W\ be the union of the sets f(L(uj)), < j < n — 1. This 
is a finite set consisting of p points {wj}. Let X = \J? =1 X Wj and 
u = u + Y7j=i lc, g 1/ ~ w j\- Let u n = v*. If j m = n and < j k < 
n — 1 at least once for a choice of indexes < ji < ■ ■ ■ < j m , then 
L(u h ) n • • • n L( U j J = and 

H (L(u n )n---nL( Uj J) = o. 
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If m > 2 and 1 < j m < n then the sets L{ujA fl • • • fl L{uj m ) are 
finite and Hi(L(ujA fl • • • fl L(uj m )) = 0. If m = 1 and jx = or 
ji = n then 7i2 n {X) = 0. So we see that (1) holds and the current 
u dd c ui A ■ • • A dd c u n ~\ A <i<i c t> * has locally finite mass. Since uq = — oo 
in X, 

J dd c ui A ■ • • A dd c u n -i A ddV = 
x 

and, consequently, = 0. 

Now, let W 2 = {wi, . . . , w q } be the set of those critical values of / on 
supp which do not belong to any f(L(uj)). We denote by Y the union 
of X^ g for all k. Since the functions Uj are bounded on / _1 (W2), the 
argument of Proposition 5.2 shows that 

J dd c ui A • • • A dd c u n - X A ddV = 0. 

Y 

Again z/(F) = 0. 

Write Z = X U Y. It follows that 

= - J H*T A dd c v*. 

E\Z 

We fix a point w G C \ W 7 ! that we assume to be equal to 0. Since 
X \Z is a complex manifold, for every its point there is a neighborhood 
and new coordinates ( = (Ci, • • • , Cn) on it such that /(C) = CT- A 
pref erred neighborhood C4(e) of a point z G X \ Z is an open set 
that in new ^-coordinates has the form {|Ci| < e l l m ' ( = (( 2 , ■ ■ ■ , Cn) G 
B n -\0,e)}. 

Now, let us take an increasing sequence of nonnegative functions 
0fc G V°'°(D \ Z) converging to 1 on D \ Z. There are finitely many 
components A k i, 1 < I < l k , of X intersecting the set F k = supp0^. 

Let us fix k and choose a finite set of preferred neighborhoods 

U kU = {\Ci\<e]!u ki ;CeW-\^e k u)}^ 

where m k \ is the multiplicity of / on A kh covering each set A ki fl F k , 
and nonnegative functions ip k u G V 0,0 {U k u) such that Yli^kii = 1 on a 
neighborhood W k of X fl F k . Clearly there is an e > such that in 
the preferred coordinates the set 

U kU {e) = {C G U kli , |Ci| < e^'SC G ©"-^O, e Wi )} C 

when £ < e . Note that [/^(s) = {C e ^ : 1/(01 < 
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Let V(e) = f 1 (D(0,e)). There is a positive e 1 < e such that 
V(e)nF k cU k (e)={JU m (e) 

when e < e±. Hence, if the measure v k is defined by 

E 

then 

u k (y{e)) = -Y J j <PMkurTAdd c v* (10) 

l,i U ku (s) 

when £ < E\. 

Since every preferred neighborhood U k u has a structure of a direct 

product D(0,£^) xr-^O,^) and u*(C) = ^(CD = «i(C) on l/ fcK , 
by Lemma 5.3 

* fcK (e) = - y cf)(f) k il> kH il>*T A <ZdV = - y ^dd c Vl J (p(p k ij kli T, 

where A s = {C G f7 fcM : & = f }• 

Since the functions ttj are continuous and not equal to — oo near X , 
the functions 

$>Mi(0 = / 4>MmT 



are also continuous. 
If 



then 



i(o = y 

^(e) = y *fv, 



Hence, 
By (10) 



y dcf^ = m W 77(D(0,e)). 



lim Jj** e \ s = m k M)<S> kli (0). 
e-o 77(0(0, e)) V ; V ; 



^■ ! S = -F^(o)*Mi(o). 

e-»O77(D(0,e)) ^ 
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But the last sum is equal to 

A I 

Thus, we see that the density of the measure v k (E) = v k (f~ l (E)) with 
respect to i] is equal to N(0, <p<j) k if}*) at the points that do not belong to 
f(Wi). Since v(w) is bounded near a point wo G f(Wi), its Laplacian 
has no mass at wq. Hence, 



v k (D) = - J N{w,<t><t> k r)dd c v. 



n 

The functions (f>(f> k ip* form an increasing sequence and, therefore, 
lim v k {D) = - [ A dd c v*, 

k^oo J 
D 

while 

lim JV o (0,# fc V*) = ^ O (O,0V*) = AT(0,#*)- 

k— »oo 

Hence 

y a dd c ^* = y n(w, ^*)dd c v 

d n 
and we proved the theorem in the case of 0, ■?/> > and u < on 
supp 0. 

For the proof of the general case we just note that the function u 
does not exceed some constant a > and, therefore, is the difference 
of two plurisubharmonic functions negative on supp 0. The functions 
and -0 also can be written as differences of nonnegative test func- 
tions. Hence, the general case can be reduced to the case we have just 
considered. □ 



6. Nevanlinna counting functions 

Let D C C n be a hyperconvex domain with a continuous exhaustion 
function u and let / be a holomorphic function on D. For r < we 
set T r = (u — r)(dd c u) n ~ 1 . Let us introduce the Nevanlinna counting 
functions as 

N uJ (w,r) = N(w,r) = - J T r A dd c log \f - w\ 

BJr) 
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and 



N (w,r) = - y]m A j / T r , 

A J 



where the summation runs over all irreducible components A w of X w 
and A£ r = A%* n B u {r). 

Theorem 5.4 leads to the following result. 

Theorem 6.1. If w £ f(L(u)) then N(w ,r) = N (w ,r) and the 
function N(w,r) is lower semicontinuous at wq. 

Let Q be a domain in C such that f(D) C Q and let v be a sub- 
harmonic function on Q and v* — v o f. If L{u) is a finite set and 
f(L(u))nL(v) = 0, then 

(r - «)(dcf w)^ 1 A dd c v* = J N(w, r)dd c v. 

B u (r) Q 

Proof. In Theorem 5.4 let Uq = u — r and u± — ■ ■ ■ — u n _i = u. Take 
increasing sequences of nonnegative functions {<pk} C T>°'°(D) with 
supp0fe C B u (r) and {ipk} C X> 0,0 (D) converging to 1 on B u (r) and Q 
respectively. Now Theorem 5.4 and the monotone convergence theorem 
yield the result. □ 

Let us explain why we call these functions the Nevanlinna counting 
functions. Our first observation is that by Fubini's theorem 

N(w,r)= J (r-u)(d<fu) n_1 A dd c \og\f - w\ 



B u (r) 



r 

J dt J (dd c u) n ^ A dd c log\ f -w\. 



-oo B u (t) 

Therefore, if 



n u j(w,r) — n(w,r) — J (dd c u) n 1 A dd c \og \f — w\, 



B u (r) 

then 



N(w,r) = J n(w,t)dt. 



The function n(w,t) has a nice geometric interpretation. First of 
all, if n — 1 then n(w,r) is equal to the number of points in B u (r), 
where f(z) = w, counted with their multiplicities. Hence, it coincides 
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with the function n(w, r) from Nevanlinna's theory. If D — D and 
u(z) = log \z\, then 



N(w,\ogp) = J 



p 

n(w, log t) 

t 
o 



and we see again a classical formula. 

If n > 1 and iu ^ f(L(u)), then by Proposition 5.2 



X w nB u (r) 

The form (dd c u) n ~ l can be viewed as 2(n — l)-dimensional volume form 
on complex manifolds in the pseudo-metric dd c u. For example, if D 
is the unit ball and u(z) = \z\ 2 — 1, then (dd°u) n ~ 1 is exactly a scalar 
multiple of this volume form. So in the multidimensional case, like in 
the classical parabolic setting, we count not the number of preimages 
of w in B u (r) but their pseudo-areas. 

However, contrary to the classical parabolic case we are more inter- 
ested in the final form of the counting function, i.e., the function 

N uJ (w) = N(w) = - J uidtfuf- 1 r\dd c log\f -w\, 

D 

which is the limit of N(w, r) as r — > 0~. 

For a > — 1 and u < we introduce the following auxiliary functions 
o 

a a (u)= [ \r\ a e r dr = -^—\u\ a+l + o{\u\ a+l ) 
J a + 1 

u 

and 

o 

la (u) = J \r\ a e r (r-u) dr = -a a+1 (u) - ua a {u). 

u 

Note that both functions are positive, a a (u) < T(a + 1) and 

{a + l){a + 2) 

We also set <7_i(u) = 1 and 7_i(u) = —u. 

We define the Nevanlinna counting function of order a as 

N uJ , a (w) = N a (w) = J ia(u)(dd c u) n ~ 1 A dd c log \f -w\. 

D 
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By Fubini's theorem 



N a (w) 



\r\ a e r N(w, r) dr. 



(11) 



If n = 1 then JV a (iu) = Y,f( z )= w 7a(u(z)). 

The importance of the Nevanlinna counting function is explained 
by the fact that the Hardy and weighted Bergman norms of func- 
tions can be expressed in terms of their Nevanlinna counting functions. 
The following result may be viewed as a generalization of the classical 
Littlewood-Paley formula. 

Theorem 6.2. Let D be a hyperconvex domain in C n with an exhaus- 
tion function u such that the set L{u) is finite. If f is a holomorphic 
function on D, then 



a a (u)\f\ p (dd c u) 



D 



/ y a ( u )dd c \f\ p A {dd c u) n l 
J N a (w)dd c 



l c \w\ p . 



Proof. The case a — — 1 follows immediately from the definitions of 
the Hardy norm and the function N(w) and from Theorem 5.4 where 
v(w) = \w\ p . 

When a > — 1 we recall that 



\ 



la = J \r\ a e r fi u , r (\f\ P )dr= J \r\ a e r J \f\ p (dd c u) n 

-oo -oo \B„(r) J 



dr 



+ 



1 I ol r 

re 



\ 



(r -u)dd c \f\ p A(dd c u 



dr. 



J 



By Fubini's theorem the first double integral is equal to 

a a (u)\f\ p (dd c u) n 



D 



and the second integral is equal to 

la{u)dd C \f\ P A (dd C u) n -\ 



D 
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By Theorem 5.4 the second integral is equal to 



/ \r\ a e r N{w,r)dd c \w\p] dr = f ( J \r\ a e r N(w, r) dr] dd c \w\ p 

-oo Vc / C V-oo / 



/ N a (w)dd c \w\ p . 

c 



□ 



In the case when u — go(z, zq) is a pluricomplex Green function the 
theorem above takes exactly the form of the Littlewood-Paley identity. 

Corollary 6.3. If in the assumptions of Theorem 6.2 the function 
u = g D (z,z ), then 

P AP =T(a + l)\f(z )\f+ [ N a (w)dd c \w\ p 

c 



7. Properties of the Nevanlinna counting functions 

By their definition the Nevanlinna counting functions depend on the 
choice of the exhaustion. The next result shows that this dependence 
can be estimated. 

Theorem 7.1. Let u and v be two continuous exhausting functions on 
D such that cv < u < c^v for all z e D. If (ft is a plurisubharmonic 
function on D and 

J (r-u)dd c (j)A (dd c (u + v)) n - 1 < oo 

B u (r) 

for all r < 0, then for all r < 

J (r - u)dd c <P A {dd c u) n - 1 <c n J (r n - v)dd c <\) A {dd c v) n ~\ 

B u {r) B v {r n ) 

where r n = c~ 2n+1 r. 

Proof. The inequality cv < u < c^v on D implies two facts: first, 
B v (cr) C B u (r) C B v (r/c) and, secondly, c(c _1 r — v) > r — u. Thus 

J (r - u)dd c <P A (Af w)™- 1 < c J (c _1 r - v)dd c <\) A {dd c u) n ~ l . 

B u (r) B„(c-ir) ^ 
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Since {dd c {u + v)) n - 1 > (dd c v) k A {dd c u) n - k -\ < k < n - 1, we 
conclude from the assumptions of the theorem that 

J dd c <P A {dd c vf A (dd c u) n - k - 1 < oo (13) 

B u (r) 

for all r < 0. 

If T = dd c 4>A(dd c v) k A(dd c u) n ~ k ~ 2 , then T is a closed positive current 
of bidimension (1,1) and by (13) 



/ 



dd c u A T < oo. 

B v {r) 

Since the function c _1 r — *u > on B v (r), we have by Theorem 2.4 
y (r — v)(dd c u) AT < J (c _1 r — u){dd c v) A T. 

B v (r) B v (r) 

But c _1 r — u < c(c~ 2 r — v) and, therefore, the latter integral does not 
exceed 

c / (c-V-„)^A(^)-AW-. 

B„(c" 2 r-) 



Thus, 



y (r - v) A dd c (j) A {dd c v) k A {dd c u) n ~ k - 1 

B v (r) 

<c y (ri — v)dd c cj) A (dd c v) k+1 A (dd c u) n ~ k ~ 2 , (14) 

S^(ri) 

where ri = c~ 2 r. 

Starting with (12) and applying (14) n — 1 times to the right-hand 
side of (12) to eliminate dd c u we get the theorem. □ 

Since by Theorem 5.2 N u+V j(w,r) < oo when L(u) n X w = and 
L(v) fl Xu, = 0, in the case when 0(z) = log |/(z) — w\, the previous 
result and (11) imply the following corollary. 

Corollary 7.2. When L(u) H X w = and L(u) n X„, = 0, in the 

assumptions of Theorem 7.1 c~ n N v {w,r n ) < N u (w,r) < c n N v (w,r n ) , 
where r n = c~ 2n+1 r. Consequently, c~ n N v ^{w) < N Uj0l {w) < c n N v>a {w) 
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It is well-known that for a self-mapping of the unit disk / which 
fixes the origin, the classical Nevanlinna counting function satisfies the 
estimate N(w) < — log Our next result generalizes this statement 
to the multivariable case. 

Theorem 7.3. Let u G S{D) and let f : D — > D be a holomorphic 
function. Then there is a number r < 1 and a constant c depending only 
on u and f such that for every w G 3, \w\ > r, N u (w) < — clog|w|. 
Moreover ifu(z) = go(z,zo) and f(z ) = wq, then 



N u (w)<-(2n) n log 



Wq — W 



1 — W W 



Proof. We fix a point zq in D and let v(z) = go{z, zq). If wo = f(zo) we 
set Vl (C) = log|C-«;o|/|l-«;oC| and 0(C) = log \(-w\/\l-w(\, ( G D. 
By Theorem 4.2 fi Vjr ((f) o /) < (27r) n ~ 1 ^ V1 , r (4>) . If w ^ w , then 



/V r (0o/) = (27rnog 



Wq — W 



W Q W 



+ N v (w,r) 



and 



AV,r(0) = 27Tlog 



Wo — w 



1 — WqW 



+ 



Hence, 



and 



N v (w,r) < (2vr) n r - (27r)"log 



vi)dd c 



Wq — W 



2-nr. 



N v {w) < -(27r) n log 



1 — w w 

Wq — W 



1 — WqW 

For an arbitrary function u G S(D) we take the compact set K = 
B v (—1) U {u < —1}. Let U\ = max{u, —1} and V\ = max{t> , —1}. If 
f(K) C ©(0, r) and |iy| > r, then N u (w, r) = N ui (w, r) and N v (w, r) = 
N vi (w,r). Since there is a constant c > 1 such that ct>i < U\ < c~ x v\ 
for all z G £>, by Corollary 7.2 



< c"iy,( w ,r n ) < (2nc) n r n - (27rc)"log 
where r n = c~ 2n+1 r. Hence, 



Wq — w 



1 — WqW 



N u {w) < -(27rc)"log 



Wq — W 
1 — WqW 



< -(27T Cl ) n log|w| 
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□ 



Our next result establishes a multidimensional analog of Shapiro's 
mean value inequality for counting functions. 

Theorem 7.4. Let f be a analytic function on a hyperconvex domain 
DcC" with an exhausting function u, and let K = supp(dd c u) n be a 
compact set. If w G C and < p < r = dist(w 0? f{K)), then 

N u , a (w ) < J N u , a (w) dw A dw. 

B(w ,p) 

Proof. Note that the function <3>(u?,r) = p u , r (\og \f(z) — w\) is subhar- 
monic and 

$(^0, r ) — 2 ^2 J &(uj,r) dw A dw. 

B(w ,t) 

The function 



*(«;) = J\og\f(z) - w\(dd c u) r 



D 

is harmonic outside of f(K). By (3) N u (w,r) = $(u>,r) — \l/(u>) when 
K C B u (r). Hence, the function N u (w ) r) is subharmonic outside of 
f(K). Since this family of functions is increasing in r and N u (w) = 
lim r ^ - N u (w,r), the theorem follows from (11). □ 

This theorem has an important corollary. 

Corollary 7.5. Let f be an analytic function on a hyperconvex domain 
D C C n with an exhausting function u G £{D), and let K C D be 
a compact set such that L{u) lies in the interior of K . There is a 
constant c > depending only on u and F such that if Wo G C and 
< p < r = dist(u>0; f(K)), then 

N u , a (w ) < -^—^ J N U!a (w) dw A dw. 

Proof. Let z be an interior point of K. We take the function gn{z, z ), 
let a be the maximum of gD^z, zo) on a closed ball B lying in the interior 
of F and set v(z) = max{g D (z, z ), a}. Then supp(dd c v ) n lies in the 
interior of K. 

If b is the maximum of g D (z,z ) on B and Ui(z) = max{it(z), b}, 
then there is a constant k > 1 such that A; _1 f < u\ < kv on .D. By 
Corollary 7.2 k- n N uljOC < N v>a < k n N uua . Since N uua (w) = N Ui0l (w) 
when u> G" /(-ft') and 

N V; a(w ) < J N V)a (w) dw Adw, 
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the corollary follows. 



□ 



8. Application to composition operators: boundedness 

and compactness 

Now, let F : D 1 — > D 2 be a holomorphic mapping between hy- 
perconvex domains D\ C C n and _D 2 C C m with exhausting functions 
u\ G S(Di) and «2 £ £(D 2 ) respectively. If / is a holomorphic function 
on D 2 then we denote by /* the function f o F. 

Let us introduce the "tail" part of the Nevanlinna function 

K u F,fA w i r ) = / 7/j(«i)(^«i) B_1 Ad(flog|/'-H 

T(r) 

where T(r) = £>i \B u *(r) = {z e D 1 : u 2 (F(z)) > r}. We define the 
a)- deficiency of F as 

Su 1 ,U2,F,pA r ) = S F,pA r ) = SUp ■ 



N, lr ,fJw) 



'U2,f,a 

where the supremum is taken over all / G A^ 2 a (D 2 ) and all weC. We 
assume that the ratio N* F f p(w,r)/N U2 j ia (w) = when N U2 j >a {w) = 
0. Clearly, the function 5F, a ,p( r ) * s decreasing in r. 

In what follows, given a holomorphic function h on a domain £) and 
coordinates 0, •••Cn m ( ^™ we denote by V/i the complex gradient of h, 

and for vectors a = (ai, ... , a n ) and 6 = (&i, . . . , 6 n ) in C n we let 
(a, 6) = £>A- 

Lemma 8.1. Let F be a holomorphic mapping from a domain D\ C C" 
mto domain D 2 C C m 7 and /e£ h be a holomorphic function on D 2 . If 
h* = h o F and F = (F±, . . . ,F m ), then at every point ( G D\ the 
following estimate holds 



dd c\ h *\v < V-\ h r- 2 (0\Vh(F(())\ 2 J2dd c \F t (0\ 2 . 

1=1 

Proof. A direct calculation for a holomorphic function h shows that 



<i<r\h\" = ^hY'-^un 
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and dd c \h*\ 2 = 2idh* A dh . The quadratic form corresponding to 
dd c \h*\ 2 is 

E|g(c)^ = Ef(c)f(c)^H<v fc -(c),«r, 

where f = (&,..., £ n ). Now 

\{Vh*((lO\ = \(Vh,F>(()0\ < \Vh(F(OW'm. 

But 

m 

\F'm 2 = J2\( VF ^o,o\ 2 - 

i=i 



Thus, 



Since 



l(vr(C),or<|vWC))l 2 EK v ^(0>OP 



j=l 



and 



n f)h* F)h* 

dd c h* = 2 i y^-^LdQAd( 1 

dd c \F t \ 2 = 2iY ^^d(i A 

by Corollary 3.2.5 from ([Kl], p. 102) we conclude that the differential 
form 

m 

|VWC))I 2 E^ C I^(0I 2 -^ C I^(C)I 2 

is positive. □ 

Lemma 8.2. Let F : D\ ^ D 2 be a holomorphic mapping from a 
hyperconvex domain D\ C C n with an exhausting functions u such that 
the set L(u) is finite, into a domain D 2 C C m . If V is an open set in 
D\, (f) is a nonnegative continuous function on D\, W is an open set 
in D 2 , F(V) C W and f is a holomorphic function on W such that 
< Ci < |/(2)| < c 2 and |V/| < c 3 on W, then 

/m 
Mu)dd c \fr A {dd%) n - 1 < d>- 2 c 2 3 T(P + \\F& u{Dl) , 
v i=l 
where the constant c is equal to c 2 when p — 2 > and c\ when 1 < 
P < 2. 
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i=1 D 1 



Proof. The integral in question is equal to 

j J ip{u)\rr 2 dd c \r\ 2 ^{dd c u) n -\ 

v 

Since < c\ < \f(z)\ < c 2 and |V/| < c 3 on V, by Lemma 8.1 this 
integral does not exceed 

m „ 

d" 2 c 2 3 J2 / M u )dd c \Fi\ 2 A(dd c u) n -\ 
By Theorem 6.2 

/ 7f ,« W F i fA(*r-/ H V/( r -« Wi PA(* 

Di -oo B u (r) 

Since 

B u (r) 

we see that 

/m 
Mu)dd c \n a (dd^)"- 1 < c^r^ + 1) J2 WFiWhahy 
i=i 



c„,\n— 1 



□ 



The following result gives sufficient conditions of boundedness and 
compactness of the composition operator Cp as an operator acting 
from A p a (D 2 ) into A p JDi). It could be viewed as an extension of the 
appropriate results of Shapiro [Sha2] and Smith [Sm] to the multi- 
variable case. 

Theorem 8.3. Let F : D\ — > D 2 be a holomorphic mapping between 
hyperconvex domains D x C C n and D 2 C C m exhausting functions 
ui and u 2 respectively such that the sets L{u\) and L{u 2 ) are finite. 

(1) If there exists r < such that Sp^piTo) < °°; then Cp is a 
bounded operator from A V U2 a (D 2 ) into A p Ui g(Di). 

(2) If the function Sp :Ctt g(r) converges to as r — > 0, £/ien Cp is a 
compact operator from A? (D2) into A^JDi). 

Proof. To prove the first part of the theorem we take a function / G 
A p a (D 2 ) with ||/|Us(D2) ~ 1- H ^ is a compact set in Z?i such that 
(d<Pu 1 ) n = outside of K and if' = F(iT), then by Theorem 3.6 there 
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is a constant C\ not depending on / such that \f(z)\ < C\ on K' . 
Consequently, 

J ^(«i)|/1 I '(dd c «i) n < Cfr(/3 + 1) J (dd c Ul ) n . (15) 

By Theorem 3.6 there are constants C 2 ,Cs > not depending on 
/ such that \f(z)\ < C 2 and \Vf{z)\ 2 < C 3 when z G B U2 (r /2). Let 
<?(z) = f(z) + 2C 2 . Then C 2 < \g(z)\ < 3C 2 on B U2 (r /2) and 

i/p 



< 1 + (2C 2 ) I J a a (u 2 )(dd c u 2 y 



= c 4 . 



II0IUS(D 2 ) 

By Lemma 8.2 we have 

„ m 

y 7 /^i)^ c bT a (dd^r- 1 < <f~ 2 c 2 3 r(p + WFiWm^y 

B u *{r /2) i=1 

But the functions Fj are bounded and, therefore, ||Fj||^. 2 < oo. 
Hence 

y 7/3 (wi)Af |#*| p A (^Mi)"- 1 < C 5 , (16) 

S„|(r„/2) 

where the constant C5 depends only on c, C3,;? and F. 
By Theorem 5.4 

y 7^(ui)dd c |g-*| p A (dcf Ui) n_1 = J N: uF ^(w,r )dd c \w\v. 

T(ro) C 

Since N^ F ^{w,r Q ) < S UUU2iFAa (r )N U2t9ja (w), 

\p 



N Z lt F,fA w > r o) d( F\ w \ P - S ui,w,F,pA r o) j N U2ig>a (w)dd c \w 

c 

(17) 

Combining together (15) and (16) we see that 

II^II^Pi) - ^i^,F,/3, Q ( r o)lkll^ 2iC((D2) - 

Since 

II f*ll p <? Iln*ll p j_ on 111 IIP 

IIJ 'k^o s ^ ll ^ 1 , /3 (^) + ^ 2l|i|l < 1 ,,(^)' 

this implies that the composition operator is bounded. 
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Suppose that the second condition is satisfied. To show the com- 
pactness of Cf we need to show that if holomorphic functions g k con- 
verge to uniformly on compacta in D 2 and ||<7fc|U£(D 2 ) < 1> then 
IbfclU^d) -> as k -> oo. 

For e > we take ro < such that 5f,q,/3(^o) < £ an d let r = ro/2. 
We also take ri > r such that the set B Ul (r) compactly belongs to 

Let £fc(ri) be the supremum of on B U2 {r\). Then by Cauchy 
inequalities there is a constant Ci such that \Vg k \ < C\e k (ri) on B U2 {r). 
If /i fc = 2£ fe (ri) + g k then < e k (n) < \h k \ < 3e k (ri) and \Wh k \ < 
CiEk(ri) on B U2 (r). By Lemma 8.2 

1 ^( Ul )dd c \h* k \P A (dd^)"" 1 < Ccf-^eKn), 

where C = T(f3 + 1) YlT=i II -^11 #2 ( Dl ) and the constant c is equal to 
3£fc(ri) when p — 2 > and £fe(ri) when 1 < p < 2. In any case the 
integral does not exceed 9CCf £^(ri). Thus 

lim / 7/3 (M 1 )rfrf c |/i*| p A {d^mf- 1 = 0. (18) 



B„.(r) 



By (17) 

J ~fp{u 1 )dd c \h* k \ p A (dcf^)" -1 < 5 Fja ,p(r )\\h k \\ P A ^ AD2) < a k e, 



T(r ) 



where a k = \\s k (ri)\\ p AP Combining (18) with the latter estimate 

we get that 



limsup / -f f3 (u 1 )dd c \h* k \ p A (dd c u 1 ) n - 1 

k^oo J 



< €. 



Evidently, 

lim / M Ul )\gl\ p (dd c Ui r = 0, 



and, therefore, the functions h k and, consequently, by Theorem 6.2 gl, 
converge to in A p Ui p{D{) □ 

To provide necessary conditions we fix a compact set K C D 1 whose 
interior contains L(u±) and for a holomorphic function / G a (D 2 ) 
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introduce the function 

VF,a,l3{W, f) = U{W, f) = iiyn^ 

(here and below we use the same notation: for a function h on D 2 we 
denote by h* the composition h and F, h* — ho F). For a > 1 we set 

p Ul ,u 2 ,F,aA a ) = P( a ) = U F ^fs(w J), 

where the supremum is taken over all / G A^ 2 a (D 2 ) and all w G C, 
\w\ > amax^jf |/*(C)I- Note that u a ^(cw,cf) = v a; p(w,f). Thus, we 
may assume that ||/||a£ 2 a (D 2 ) = 1 i n the definition of PF,a,p- 

We also will need another characteristic of the mapping F. For its 
definition we fix an open ball B CC D 2 and for t > and a > 1 we set 

Pui 1 u 2 ,F,a,/9(*, a) = PF,a,p{t, Cl) = SUp Z/ a ,/?(w, /), 

where the supremum is taken over all w G C, |w| > amax^ft- |/*(C)|) 
and all / G j4£ a)a (£> 2 ) such that ||/|Us 2 , Q (D 2 ) = 1 and |/| <ton B. 

Theorem 8.4. Let F : D\ ^ D 2 be a holomorphic mapping between 
hyperconvex domains D 1 C C n and D 2 C C m wrata exhausting functions 
«i(C) e ^iPi) andu 2 G £{D 2 ) respectively and such that the sets L(u\) 
and L(u 2 ) are finite. 

(1) //CV is a bounded operator from A^ 2a (D 2 ) znfo ^(-Di), t/ien 
PF,a,p{a) < oo /or all a > 1. 

(2) //Cf is a compact operator from A^ 2 a {D 2 ) into A p ui JDi), then 
the function pF,a,p(t) converges to as £ — > + /or all a > 1. 

Proof. If the first part of the theorem does not hold, then there are 
functions /j G A^ 2iQ (D 2 ), ||/j|Us 2Ct = 1, an d G C such that > 
amax^x | //(C) I ancl 

kil^ui./T./sK-) > j. 

Let rj = C \vjj\, where C = (1 — a _1 )/2 and Vj = H)(wj,rj) C C. 
Since > Ci|iUj| on V}, where Ci = (a -1 + l)/2, we get 

\\m p Ku0 > / N uuf*A w ) dd c \ w \ p = j | h p - 2 a^h^ c h 2 

> £crH*y h|- 2 7v ul)/;;/3 H^>| 2 . 
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But \w\ < C 2 |tUj| on Vj, where C 2 = (3 + a 1 )/2. Hence, 

„,* hp ^ v^C\Cl\w^ 1 f AT , ,,„. . 



, 2 *n,j 

But the disk Vj lies outside of f*(K). Thus, by Corollary 7.5 

2^P^P 

ii/;ii^ a > -^h 3 r^K) > cj, 

where the constant C = 2C ^ depends only on a, K, A and p. There- 
fore, the norms ||/j lt |U p g ~" > 00 as J ~~ *■ 00 an d we get a contradiction. 

For the proof of the second part we assume that the statement does 
not hold and take sequences of complex numbers {wj} and functions 

fi e A w II/IIa* = such that N > flmax (^ I/* (01, l/jl < Vj 

on and v at @(wj, fj) > c > 0. Clearly, the sequence /j converges to 
uniformly on compacta in _D 2 . But the same estimates as in the first 
part show that > C > and this contradicts the compactness 

of C F . □ 



9. Composition operators induced by mappings into the 

unit disk 

It turns out that if D 2 is the unit disk, the necessary and suffi- 
cient conditions, given by Theorems 8.4 and 8.3 respectively, agree. Of 
course, this is caused by the simple structure of divisors in C. In this 
case the results of the previous section allow us to state and prove a 
theorem which gives necessary and sufficient conditions for bounded- 
ness and compactness of a composition operator in the form of results 
of [Sha2] and [Sm]. 

Theorem 9.1. Let F : D — > D be a holomorphic mapping from a 
hyperconvex domains D C C n into the unit disk D with exhausting 
functions u e S(D) such that the set L{u) is finite and v(z) = log|z| 
respectively. Then the condition 

N F ,uA z ) = °(7a(log|z|)) as \z\ -> 1 

is necessary and sufficient for the operator Cp to map continuously 
A^ a (JB>) into A p u(5 (D) and the condition 

N F ,uA z ) = °(7a(logk|)) as \z\ -> 1 

is necessary and sufficient for the operator Cp '■ A^ a (D) — > A p ufj (D) to 
be compact. 
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Proof. Let us evaluate N* F jp(w,r). We take the set of all points 
{zi} in D such that f(zi) = w and v(zi) > r. Let DjA^ = F^ 1 (z i ) 
be the decomposition of the preimage of under F into irreducible 
components. The multiplicity of /* on Aij is equal to mirriij, where 
is the multiplicity of F on and is the multiplicity of / at Zj. If r 
is so small that L(tti)nT(r) = 0, where T(r) = {z e D : u(.F(z)) > r}, 
then by Proposition 5.2 



^AijnT(r) 



Considering F as a holomorphic function on Z?i, we remark that 



SO 



K,F,f,f>( W > r ) = ^ m i N FA Z i)- 

i 

We also observe that 

N v j ta (w) > ^2ma a (v(zi)). 



Hence, 



K,FJJl( W > r ) < WW < max / 



N v jA W ) ~ T,i m ila(v(Zi)) ~ i \la{v(Zi)) 

Thus, 

0u,v,F,/3,a{r) < SUp 

|*|>r TaM*)) 

On the other hand if f(z) = z, then 

K,F, f A w > r ) _ 

N v ,fA W ) la(v(z))' 

Hence, 

r / \ N FA Z ) 

Ou,v,FfiA r ) = SU P 7 7 yv - 
|*|>r 7a Wj) 

Now the sufficiency of our conditions for CV to be bounded or compact 
follows from Theorem 8.3. 

To show the necessity of the conditions we, firstly, note that if |F| < 
a < 1 on D, then the operator Cf is both bounded and compact and 
NfA z ) = wnen \ z \ > a - So this case is trivial. 
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Now we assume that there is a sequence {Q} C D such that the 
points zj = F(Q) converge to the unit circle. Following the standard 
argument (cf. [Sm], [CoM]) we consider the functions 

(I _ U.m(a+2)/p 

(l-zjzy^+v/p 

on D. It can be shown (see [Sm]) that the norms ~ 1 an d the 

functions kj converge to uniformly on compacta. 
Note that | 

Thus, 

P 1 

3 7a(log|%|)' 

Since N Utk *^{wj) > Np^( z j) this implies 



"%»(log >,•:)' 



Since A;* converges to on any compact set C D, for a fixed a > 1 
the condition Wj > asup^ K \k*\(Q is satisfied and, therefore, 



Pui,U2, F,a,fl{ a ) — ^2 



7 Q (log \Zj\) ' 



For the same reason p ul ,u 2 ,F, a ,i3{t' a ) approaches as t — » 0. Now the 
result follows from Theorem 8.4. □ 

We want to conclude this section with a useful formula for the norms 
of composition operators when a hyperconvex domain D C C n is 
mapped by a holomorphic function F into the unit disk. 

Theorem 9.2. Let D C C n be a hyperconvex domain with an exhaust- 
ing function u such that the set L(u) is finite. If F is a holomorphic 
function mapping D into the unit disk, f is a holomorphic function on 
D and f* = C F f, then 

\\r\\ P A ^ a = J <? a {u)\fndd c uT + J N F , a (w)dd c \f\ p . 

D » 

Proof. By Theorem 5.4 

D D 

Thus, the case a = — 1 follows immediately from Theorem 6.2. 
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In the case a > -1 we note that 

/ . \ 

t* | "e 7 * ' ' ! ' ' '' '''' 1 ' ; " *' '' ''' '' " 1 " ' 

-oo 





r — u)dd c \f*\ p A (dd c u) 

\Bu(r) ) 



dr 



\r\ a e r j N F , u (w,r)dd c \f\ p dr = J N F ^w)dd c \f\ P ■ 

-oo D D 

Again, the identity follows from Theorem 6.2. □ 

10. Composition operators induced by mappings into 
strongly pseudoconvex domains 

If B is the unit ball in C n with coordinates (zi, . . . , z n ) and u(z) = 
log \z\, then (see [Rul, Prop. 1.4.10]) the function <f>(z) = (1 — z\)~ l G 
Hp(B) if and only if p < n. So if / : D — > B is defined as /(z) = 
(z, 0, . . . , 0), then Cf<f> G" /P(O) when p > 1. On the other hand, the 
function (1 — z)" 1 is in A£(D) if and only if p < a + 2. So whatever is 
p < n, the function C/0 G A p n _ 2 (p). 

This calculation motivates the main result of this section. Before 
proving it we mention that some special cases were considered in [MM] , 
[CM], [KS] and [SZ1]. A similar theorem for mappings of polydisks was 
obtained in [SZ2]. 

Theorem 10.1. Let D\ C C m be a hyperconvex domain and u G 
S(Di). Let D 2 C C m be a strongly pseudoconvex domain with a C 3 
exhausting strongly plurisubharmonic function p such that Vp ^ on 
dD. If F : D 1 — > D 2 is a holomorphic mapping then Cp acts boundedly 
from APJD 2 ) into A^^^DJ, a > -1. 

Proof. Let be the complex tangent plane to dD 2 at ( G dD 2 and 
U (C, t) be the ball in of radius y/t centered at (. Let 

A((,t) = {z e D 2 : dist(z, U(C,t) < t}. 

A theorem of Hormander [H] states that if fi is a positive measure on 
D 2 such that there is a constant C so that for every ( G dD and t > 0, 

/i(A(c,t))<cr, (19) 

then there is a constant Ci such that for every function / G H p p (D 2 ) 



l/l^^ll/ll^. 
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The corresponding result for weighted Bergman spaces was proved by 
Cima and Mercer ([CM]). Namely, if 

pi(A(( : t))<Ct a+n+ \ (20) 

then there is a constant C\ such that for every function / G A p {D 2 ) 



L 



\f\ P ^<CA\f\\ P KAD2 y 

D'2 



By Corollary 3.2 from [Ra, Ch. VII] there are 5 > and a C 2 
function H((,w) on dD x D$, where D$ = {p < 5}, such that H is 
holomorphic in w, \H((,w)\ < 1 when z G D\ {(} and H((,() — 1- 
We may assume that the first and second derivatives in w of H((,w) 
on dD x Ds do not exceed some constant C\. There is to > such 
that the sets U((,t) C -D5 when < t < t . Since the derivatives of 
H((,w) along the complex tangent plane are equal to at (, there 
is a constant C 2 such that iu) — 1| < C 2 t 3 ^ 2 when t < t and 

u> G U((,t). Therefore, \H((, w) — 1| < C^t for some constant C3 when 
t < to and u> G It follows that there is a constant C4 such 

that the sets A((,t) are contained in the sets F(£, C^t) = {w G D 2 : 

|#(C,™) - !| < C4*}- 

Fix a point ^ G -Di and let t>(z) = g Dl (z,z ). Write h^(z) = 
H((,F(z)) and consider the following measure 



\(E)= J \r\ n+a - l e r ^ r { X E{h(z)))dr 

—00 

on the unit disk D. If z/p is a measure on D 2 defined by 



ME)= J \rf +a - l e r p v AXE{F{z)))dr, 

—00 

then v F (A((,t)) < X^(E(1, C±t)) for all t. Since there is b < 1 such 
that |^(2o)| < b for all ( G (9D 2 , by Lemma 4.4 there is a constant a 
such that A c (£(l, C A t)) < at n+a+1 . Thus, i/ F (A(C,t)) < a 1 t n+a+1 for 
all C G dD and all t. 

Therefore, by theorems of Hormander and Cima and Mercer we have 
for G A%{D 2 ) 



\CfW a > {Dl) = I W*>f<C\W A 



□ 
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Under some additional assumptions about the mapping F one might 
get a considerable improvement of the result of the previous Theorem. 
Below we consider two such cases. 

In the first case D C C n is a strongly pseudoconvex domain with a 
strictly plurisubharmonic exhaustion function p G C 3 (V), where V is 
a neighborhood of D, and a holomorphic mapping F is defined on V 
and takes D into the unit disk D. 

We will need a lemma (see [Sh, Ch. 3.13.37]). 

Lemma 10.2. There is r > and C > s«c/i £/ia£ /or every point z 
on the boundary of D there are holomorphic coordinates (z±, . . . , z n ) on 
B(zo,r ) with the following properties: z = and in these coordinates 



and \<P(z)\ < C\z\ 3 . 

We will call such coordinates preferred. In these coordinates the real 
tangent hyperplane to dD at is {Rez n = 0} and the complex tangent 
hyperplane to dD at is {z n = 0}. 

The next lemma gives us a local estimate for the area of the sets 



Lemma 10.3. Suppose that F is a holomorphic function on a neigh- 
borhood V of D mapping D into D. Then there are positive num- 
bers C , c and r\ such that for every z G dD with F(z ) = w and 
| Wo | = 1 and for every w G C and r < either the set {F(z) = 
w} fl B(z , ri) n {p(z) < r} is empty or r + c\w — w \ > and the area 
of this set does not exceed C(r + c|u>— Wol)*™ -1 ^ 2 when r + c\w— w \ < 1. 

Proof. We may assume that Wq = 1, otherwise we consider the function 
vJof(z). Since p(z) > when > 1 it is easy to see that in 

preferred coordinates VF(0) = (0, . . . , 0, A), Im A = and A > 0. 
Let us write the Taylor expansion of F as 

F(z) = 1 + \z n + a {'z) + z n b ('z) + c z 2 n + F 3 (z), 

where 'z = (zi, . . .,z n -i), 



p(z) = Rez n + -H(z) + <j)(z), 



(21) 



where 




{F = w}. 



n-l 



d 2 F 



dzjdzi 



(0)ziZ. 
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n— 1 



d 2 F 



boi'z) = £ 



dzjdz. 



(0)z : 



■n 



c = d 2 F/d 2 z n (0) and |i*3(^)| < Ci|,2| 3 for some constant Ci. 

By the Implicit Function Theorem there is a positive n < such 
that if F(z) = l+w at some point z E B(0, n), then the solution of the 
equation = 1 + w in B(0, ri) can be represented as z n = g('z, w), 
where g is a holomorphic function. We write g as 



g('z, w) = \- x w + a('z) + wb('z) + cw 2 + g 3 ('z, w)), (22) 



c = d 2 g/d 2 w(0) and \g 3 ('z,w)\ < C 2 \('z, w )| 3 for some constant C 2 . 

Substituting (22) into the identity F('z,g('z,w)) = w we see that 
a('z) = -A-^oC^), 6('z) = -\- 2 b ('z) and c = -A" 3 c . Thus 

Pi('z, iy) = p('z, g('z, w)) = A^Reu* + L('z, w) + ip('z, w), 

where 

L('z, w) = -Re (X^aoi'z) + \- 2 wb ('z) + \- 3 c w 2 ) + \h('z, X^w) 

and \ip'(z,w)\ < C^\('z, w)\ 3 for some constant C3. 

Since pi('z,w) > when |1 + w\ 2 > 1 or 2Reu> > — |u>| 2 , we see that 



Hence, the quadratic form L is nonnegative and, therefore, the set 
of vectors ('z,w), where L('z,w) = is a real linear subspace. The 
quadratic form 



is also nonnegative. Let us show that the real linear space N where 
Lii'z) = does not contain complex lines. Observe that if Li(£'z) = 
for all ( G C, then 



where 





n-l 



L^z) = L('z,0) = -iReooC^) + \h{z, 0) 



^('z) = -jRe(a Q ('z) + ^H(('z,0). 
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Since H is strictly positive we see that Li(('z) > when ( = —a ('z). 
This contradiction shows that iV does not contain complex lines and, 
therefore, its real dimension is at most n — 1. 

The quadratic form L('z,w) = Li('z) + Hewbi('z) + Ci|u>| 2 , where 
b\ is a linear function and c\ > 0. Note that the coefficients of b\ and 
Ci depend only on the second derivatives of F and p and, therefore, 
are uniformly bounded. Hence if pi('z, w) < r, then there is a constant 
c > such that Li('z) < r + c\w\. Hence, if the set {F(z) = w} fl 
B(z ,ri) fl {p(.z) < r} is non-empty, then r + c\w\ > 0. 

We can introduce orthonormal coordinates x = (x±, . . . , x 2 „_ 2 ) on 
the ball in C"" 1 such that 

k 

j'=i 

where all > and > n — 1. The volume of the set {x G £> : 
< r + c|w|}, where B C C™^ 1 is the ball of radius r\ centered 
at the origin, does not exceed C±(r + c\w\) k ^ 2 . Since the orthogonal 
projection of the set {F = w} in 5(0, ri) has the Jacobian close to 1 
we see that the area of the set {F(z) = w}nB(z ,r 1 )n{p(z) < r} does 
not exceed C 4 (r + c\w\) k / 2 < C^(r + c|w|)( n_1 ^ 2 when r + c\w\ < 1. □ 

This lemma allows us to estimate the counting functions. 

Lemma 10.4. In the assumptions of Lemma 10.3 there are positive 
numbers 5, c > and C such that nF, P (w,r) < C(r + c|w|) (n ~ 1 ' > / 2 ; 
iV>, P (u>,r) < C(r + c\w\Y n+1 ^ 2 and N F ^(w) < C\w\^ n+ ^l 2 when 
\w\ > 1 — e. 

Proof. Let us chose finitely many points z±, . . . , z m in the set G = {z e 
: = 1} such that G C W = \jp =1 B(zj, n). Clearly, there is 

£ > such that z eW when w = f(z) and |w| > 1 — e. Since VF 7^ 
on G we may assume that e is so small that the set {f{z) = w} is 
smooth when \w\ > 1 — e. By Theorem 6.1 

n p , F (w,r)= J (dd c p) n ~\ 

{f=w}nB p (r) 

But dd c p is equivalent to the Euclidean metric and, there fore, n Pj i?(w, r) 
does not exceed the area of the set {f(z) = w} fl B p (r) times some 
constant. In every ball B(zj,r 1 ) this area does not exceed C(r + 
c | w |)(«-i)/2_ Hence n PiF (u, ? r) < mC(r + c|w|)( ri - 1 )/ 2 . 
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The function 

r 

/9mC 
n P Aw,t)dt<^(r + c\w\)( n+1 V 2 . 

— c\w\ 

Finally, 

o o 
N p ,Fsiw)= J \rfe r N PtF (w,t)dt<mC J \rf(r + c\w\) {n+1)/2 dt. 

—c\w\ — c\w\ 

To estimate the last integral we notice that 

-cH/2 

J \rf(r + c\w\Y n+1 ^ 2 dt < dlwf+W 2 



— c\w\ 



and 



J |rf(r + c\w\Y n+1 ^ 2 dt < C 2 \wf + ^/ 2 . 

-c\w\/2 

Thus N p>FtP (w) < C 3 \w\^ n+3 ^ 2 . □ 

The following theorem is an immediate consequence of these lemmas 
and Theorem 9.1. 

Theorem 10.5. Suppose that F is a holomorphic function on a neigh- 
borhood V of D mapping a strongly pseudoconvex domain D into D. 
Then the composition operator Cp maps -A^(O) into A P JD) when a < 
(3 + (n — l)/2. This operator is compact when a < (3 + (n — l)/2. 

It is interesting to note that this theorem cannot be improved even 
for quadratic polynomials. Let B be the unit ball in C n centered at 
the origin and F(z) = z\ + • • • + z 2 . If Zj = rje 1 ^ then \F(z)\ = 1 if 
and only if J^r 2 = 1 and e 2 "^ = 1. Let us estimate the area of the 
set {F = w} near z = (0, . . . , 0, 1). The equation F(z) — 1 + w has 
a holomorphic solution g('z,w) with the following Taylor expansion of 
order 2 

. , w z w 

q{ z, w) — 1 H , 

yv > ; 2 2 4 , 

where 'z 2 = z\ + h z 2 n _ x . 

If |'z| 2 + w)\ 2 < 1 + r, r < 0, then Rew — Re'z 2 + |',2| 2 < cr 
for some constant c > 0. If Zj — Xj +iyj this inequality is equivalent to 
y\ + - ■ -+y 2 _i < cr-Rew. Now the estimates similar to what was used 
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in the proof of Lemma 10.3 tell us that n Pt p(w, r) > C(cr + \w\Y n 1 ^ 2 . 
Consequently, N PtFifj (w) > C\wf +(n+3 ^ 2 . ' 

Our next example shows that Hardy and Bergman spaces are pre- 
served by proper mappings of domains with equal dimension. 

Suppose that domains D\ and D 2 are in C n and / : D\ — > D 2 is a 
proper holomorphic mapping, i.e., f~ l (K) is compact when K C D 2 is 
compact. In particular, for every w G D 2 the set is compact 

and analytic, so it is finite. The branch set Bf of / is the set of points in 
Di, where / is not locally homeomorphic. It is contained in the analytic 
set {Jf = 0}, where Jf is the Jacobian of / and, consequently, has the 
dimension less than n. Thus, if points w±, w 2 G D 2 \ f(Bf) then we can 
connect them by a continuous curve 7 C D 2 \f(Bf) and considering its 
preimage to see that the sets and {f~ 1 (w 2 )} have the same 

number of points m. This number is called the multiplicity of /. 

If Zq G Di and w = f(z ) we consider a ball B r CC D 2 centered 
at w and of radius r. If W is a connected component of f~ l (B r ) 
containing z , then the restriction of / to W maps W properly on B r 
with the multiplicity m r . The limit of m r as r goes to is called the 
multiplicity of / at z and denoted by m(zo, f). 

If (ft is a function on D 2 , then as above we set <f>*(z) = 4>(f(z)). If 
is a function on D\ then we let 



m 

f(z)=w 

where the summation counts multiplicities. Clearly, 0* is plurisubhar- 
monic when is plurisubharmonic and holomorphic when is holo- 
morphic. 

The following theorem is well-known. Unfortunately, we could not 
find a reference so we give a proof. 

Theorem 10.6. Suppose that domains Di and D 2 are in C n and f : 

Di — > D 2 is a proper holomorphic mapping of multiplicity m. 

If v 1, . . . , v n are plurisubharmonic functions on D 2 and (ft is a non- 
negative B orel function on D 2 , then 

m J 4>dd c Vi A • • • A dd c v n = J <\>*dd c v\ A • • • A dd c v* n . 

D 2 D 1 

If is a non-negative B orel function on D\, then 



m J (j)*dd c vi A • • • A dd c v n = J 4>*dd c v\ A • • • A dd c v, 



'C„,* 

n ' 



D 2 Di 
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Proof. To prove the first part we take an exhaustion of D 2 by domains 
V n such that 14 CC V k+ i CC D 2 . It is known that for each k there 
are smooth plurisubharmonic functions Vj k , 1 < J ' < n, defined on 
Vfe+i and such that Vj k > v^k+i on V k and \imvj k = Vj. We also take 
continuous non-negative functions h k < 1 on _D 2 such that ^ e 1 on 
\4 and h k = on £> \ Vfc+i. 

By the result of Bedford and Taylor ([Kl], p. 114) 



lim / hi<pdd v± k A ■ ■ ■ Add v n k = / hi<pdd c Vi A ■ ■ ■ A dd c v n . 

Since the sets f(Bf) and have a zero measure, 

m J hi<pdd c vi k A ■ • • A dd c v nk = J hi<pdd c v* lk A • • • A dd c v* k . 

D 2 Di 

Taking first the limit as k — > oo and then the limit as / — > oo we get 
our statement. 

The second statement has a similar proof. □ 

Now we can prove a theorem about the composition operators of 
proper holomorphic mappings. 

Theorem 10.7. Let D 1 and D 2 be hyperconvex domains with exhaus- 
tion functions Uj G £{Dj), j = 1,2, and let f : D\ ^> D 2 be a 
proper holomorphic mapping. Then the composition operator Cf maps 
PS U2 (D 2 ) into PS ul (Di) and A U2 ^ a {D 2 ) into A Ul ^ a (Di). Moreover, 
there is a constant A > 1 such that A~ l \\(f)\\ U2 < ||C/0|| Ul < A||0|| U2 
and ^4 _1 ||0|| U2 ,a < \\C f (f)\\ Uua < A\\(f)\\ U2 , a . 

Consequently, Cf maps continuously Banach spaces H^ 2 (D 2 ) into 
HP l (D 1 ) and A? 2 JD 2 ) into A^JDJ. 

Proof. We fix a point w G D 2 . Then we consider the exhaustion 
functions v(z) = gD 2 ( w i w o) on D 2 and v*(z) on D\. Both functions 
belong to £{D 2 ) and £{D\) respectively. 

Note that (v*) r = (v r )* and (dd c v) n = outside of B v (r) while 
(dd c v*) n = outside of B v *(r). Thus 

AV(0) = J <P(dd c v r ) n and ^, r {<t>*) = J <t>* {dd c v* r ) n . 

D 2 Di 

By Theorem 10.6 mfj, v ^(<f)) = [j, v * jr ((/>*), where m is the multiplicity of 
/. Hence, if <fi is in PS V (D 2 ) or in A V)Ce (D 2 ), then <fi* in PS V *{D\) or in 
A v ^ a {Di) and ||0*||„* = m||0||„ and ||0*||„*, a = HMka respectively. 
Now our theorem follows immediately from Theorem 3.1. □ 
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The operator Lf mapping the functions on D\ into the functions 
0* on D 2 is linear and Lf o Cf is the identity operator. As the next 
theorem shows this operator has the same properties as Cf and the 
proof is also the same. 

Theorem 10.8. In the assumptions of Theorem 10.7 the operator Lf 
maps PS Ul (Di) into PS U2 (D 2 ) and A Ul ^ a (Di) into A U2tCe (D 2 ). More- 
over, there is a constant A > 1 such that A~ 1 \\<j)\\ ui < \\Lf<f)\\ U2 < 
A\^ U1 and A~^ uua < \\L f ^ uAa < A\\(f)\\ uua . 

Consequently, Lf maps continuously Banach spaces (Di) into 
m u2 {D 2 ) and < >a (2?i) into A^JD 2 ). 
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